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Abstract
Let M be the product of n copies of the p-dimensional sphere Sp with p  1 and n 2. In this
paper we completely determine those automorphisms of Hp(M;Z)∼= Zn which can be realized by a
diffeomorphism of M . As an application, we completely classify smoothly embedded p-dimensional
spheres in M up to diffeomorphisms of M .
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1. Introduction
Throughout the paper M denotes the product Sp × Sp × · · · × Sp of n copies of
the p-sphere Sp with p  1 and n  2. Every diffeomorphism f :M → M induces an
automorphism f∗ of Hp(M;Z)∼= Zn, which can be regarded as an element of GL(n;Z).
Let Dp denote the subgroup of GL(n;Z) consisting of those automorphisms which are
induced by diffeomorphisms ofM . In this paper, we show the following (see Theorem 2.2):
(i) Dp coincides with GL(n;Z) for p = 1,3,7,
(ii) Dp is a subgroup of index 2(n2−n)/2(21 − 1)(22 − 1) · · · (2n− 1)/n! for p odd with
p 
= 1,3,7, and
(iii) Dp is a finite subgroup of order 2nn! for p even.
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This is a generalization of the results of Wall [14] and Goldstein [4,5] for the case
n = 2 (see also [11]). We also determine the subgroup which corresponds to orientation
preserving diffeomorphisms.
As an application, we give a complete classification of smoothly embedded p-spheres
in M up to diffeomorphisms of M . More precisely, under the assumption that p = 1 and
n 4, or p = 2,3 and n 3, or p  4 and n 2, we give a list of standard forms of such
embeddings and show that any smoothly embeddedp-sphere can be mapped to exactly one
of the standard ones by a diffeomorphism of M (see Theorem 4.2). This is a generalization
of the result of Goldstein [5] for the case n= 2 and p  4.
Throughout the paper, all homology and cohomology groups have integer coefficients.
The content of this paper has been a part of the first author’s Ph.D. thesis [8]. The authors
would like to thank Prof. Oziride Manzoli Neto for stimulating discussions and his constant
encouragement.
2. Diffeomorphisms ofM
For i = 1,2, . . . , n, let αi ∈Hn(M) be the homology class represented by the embedded
sphere corresponding to the ith factor of M , where we orient the sphere arbitrarily.
Note that {α1, α2, . . . , αn} gives a basis of Hp(M)∼= Zn. For a diffeomorphism f :M →
M , let If = (aij )1i,jn be the matrix representation of the induced automorphism
f∗ :Hp(M)→ Hp(M) with respect to the basis. The integer aij is given by the degree
of the composite
Sp
ιj−→M f−→M πi−→ Sp,
where ιj is the inclusion to the j th factor and πi is the projection to the ith factor. We
denote by Dp the subgroup of GL(n;Z) consisting of the matrices A ∈GL(n;Z) such that
If =A for some diffeomorphism f :M→M .
Let Sn be the group of permutations on the n letters {1,2,3, . . . , n}. To each σ ∈Sn,
we associate the matrix Bσ = (bij ) ∈GL(n;Z) defined by
bij =
{1, if i = σ(j),
0, otherwise.
The map γ :Sn → GL(n;Z) defined by γ (σ) = Bσ is a monomorphism. From now on,
we identifySn with γ (Sn)⊂GL(n;Z) by γ .
Let η : GL(n;Z)→ GL(n;Z2) be the natural homomorphism and set G1 = η−1(η(Sn)).
A matrix in GL(n;Z) lies in G1 if and only if each of its rows and columns contains
exactly one odd integer. Furthermore, let G2 be the subgroup of GL(n;Z) generated by
Sn together with the diagonal matrix R ∈ GL(n;Z) with diagonal entries −1,1, . . . ,1.
Note that G2 is a subgroup of G1.
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Remark 2.1.
(1) The homomorphism η is surjective (for example, see [9, Proposition I.14]).
Furthermore, by [10, Theorem VII.12], the index [GL(n;Z) :G1] of G1 in GL(n;Z)
is equal to 2(n2−n)/2(21 − 1)(22 − 1) · · · (2n − 1)/n!.
(2) The subgroup G2 is finite of order 2nn!. In fact, it is isomorphic to the semi-direct
product of (Z2)n by Sn with respect to the standard action of Sn on (Z2)n.
The first result of the present paper is the following.
Theorem 2.2. We have
Dp =


GL(n;Z), if p = 1,3,7,
G1, if p is odd and p 
= 1,3,7,
G2, if p is even.
(2.1)
For n= 2 the above result coincides with that of Wall [14] and Goldstein [4,5].
3. Proof of Theorem 2.2
For σ ∈Sn, let fσ :M→M be the diffeomorphism defined by
fσ (x1, x2, . . . , xn)= (xσ−1(1), xσ−1(2), . . . , xσ−1(n)), (x1, x2, . . . , xn) ∈M.
The matrix representation Ifσ of (fσ )∗ :Hp(M)→ Hp(M) with respect to the basis {αi}
is given by σ ∈Sn ⊂GL(n;Z).
Let r :Sp → Sp be the reflection defined by
r(y1, y2, . . . , yp+1)= (−y1, y2, . . . , yp+1), (y1, y2, . . . , yp+1) ∈ Sp,
where we identify Sp with the unit sphere in Rp+1. The degree of r is equal to −1. Thus,
for the diffeomorphism fr :M→M defined by
fr(x1, . . . , xn)=
(
r(x1), x2, . . . , xn
)
, (x1, x2, . . . , xn) ∈M,
the matrix representation Ifr of (fr )∗ is equal to R given in Section 2.
It has been shown by Adams [1] that Sp has the structure of an H -space if and
only if p = 1,3,7. When p = 1,3,7, for x1, x2 ∈ Sp , we denote by x1x2 the product
of x1 and x2 induced by the H -space structure of Sp . Note that for every x ∈ Sp ,
we have the “inverse” of x , which is denoted by x−1. Let us define ft :M → M by
ft (x1, x2, x3, . . . , xn) = (x1x2, x2, x3, . . . , xn). Note that ft is a diffeomorphism whose
inverse is given by (ft )−1(x1, x2, x3, . . . , xn)= (x1x−12 , x2, x3, . . . , xn). Then we see easily
that for p = 1,3,7, the matrix representation of (ft )∗ is given by
T =
(1 1
0 1
)
⊕En−2, (3.1)
where En−2 denotes the (n− 2)× (n− 2) identity matrix.
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For each x in Sp , we define the C∞ maps θx :Sp → Sp and ϕx :Sp → Sp by
θx(y) = y − 2〈x, y〉x and ϕx(y) = x − 2〈y, x〉y for y ∈ Sp , respectively, where 〈 , 〉
denotes the inner product of Rp+1. The map θx is the reflection with respect to the
hyperplane orthogonal to x . The maps θx :Sp → Sp and ϕx :Sp → Sp have degrees
−1 and (−1)p+1 + 1, respectively (see [12, p. 14], [4]). Thus, if p is odd, then for the
diffeomorphism fu :M→M defined by
fu(x1, x2, x3, . . . , xn)=
(
θx2(x1), x2, . . . , xn
)
, (x1, x2, . . . , xn) ∈M,
the matrix representation of (fu)∗ is given by Ifu =UR, where
U =
(1 2
0 1
)
⊕En−2. (3.2)
Lemma 3.1.
(1) The group GL(n;Z) is generated by the matrices of Sn together with R given in
Section 2 and T given by (3.1).
(2) The group G1 is generated by the matrices ofSn together with R given in Section 2
and U given by (3.2).
Proof. (1) Given a matrix A ∈ GL(n;Z), using standard arguments in linear algebra, we
can find a sequence of elementary matrices such that we obtain the identity matrix after
multiplying them to A from its both sides (see, for example, [10]). Since each elementary
matrix and its inverse are obtained fromSn together with R and T , we have the result.
(2) First note that Sn ⊂ G1 and R,U ∈ G1. Given a matrix A ∈ G1, each of its rows
and columns has exactly one odd integer. Thus, using an argument similar to (1), we can
find a sequence of elementary matrices in G1 such that we obtain the identity matrix after
multiplying them to A from its both sides. Hence we obtain the desired result (see also the
argument of Wall [14, Proof of Lemma 5]). For details, see [8]. ✷
Using Lemma 3.1 together with the diffeomorphisms fσ (σ ∈ Sn), fr , ft and fu, we
see that Dp contains the subgroups on the right hand side of (2.1) in Theorem 2.2.
Lemma 3.2. If p is odd with p 
= 1,3,7, then for every diffeomorphism f :M →M , we
have If ∈G1.
Proof. For 1 i, j  n with i 
= j , let ιij :Sp×Sp →M be the inclusion map into the ith
and j th factors of M . Consider the composite
Sp × Sp ιij−→M f−→M πk−→ Sp,
where πk is the projection to the kth factor. Let us consider the restriction of πk ◦ f ◦ ιij
to Sp ∨ Sp = (Sp × {∗}) ∪ ({∗} × Sp) ⊂ Sp × Sp . Let w1,w2 ∈ πp(Sp × Sp) ∼= Z⊕ Z
and w ∈ πp(Sp)∼= Z be respective canonical generators. Then for (πk ◦f ◦ ιij )∗ :πp(Sp×
Sp)→ πp(Sp), we have (πk ◦f ◦ ιij )∗(w1)= akiw and (πk ◦f ◦ ιij )∗(w2)= akjw, where
If = (aij ). The restriction πk ◦ f ◦ ιij |Sp∨Sp determines an element of π2p−1(Sp), called
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the Whitehead bracket, given by [akiw,akjw] = akiakj [w,w], since the Whitehead bracket
is bilinear [15]. As Sp is not an H -space when p is odd with p 
= 1,3,7 [1], it follows from
[3, Proposition 3 and p. 18] that [w,w] 
= 0 is an element of order 2. Since the restriction
of πk ◦ f ◦ ιij to Sp ∨ Sp can be extended to Sp × Sp , by [3, Proposition 2] we see that
akiakj [w,w] = 0. Thus the product of any two elements of the kth row of If is always
an even number. Since det If =±1, each row and each column of If has exactly one odd
integer. This implies that η(If ) ∈ η(Sn), and hence If ∈ η−1(η(Sn))=G1. ✷
Lemma 3.3. If p is even, then for every diffeomorphism f :M→M , we have If ∈G2.
Proof. Set If = (aij ). Let {α∗i } be the basis of Hp(M)∼= Hom(Hp(M),Z) dual to {αi}.
By Poincaré duality, we see that α∗1 ) α∗1 = α∗2 ) α∗2 = · · · = α∗n ) α∗n = 0 and that
{α∗i ) α∗j : 1  i < j  n} gives a basis of H 2p(M). The homomorphism f ∗ induced
by f in cohomology Hp(M) corresponds to the transpose I tf of If with respect to the
dual basis. Since p is even, α∗i ) α∗j = α∗j ) α∗i for i, j = 1,2, . . . , n. Thus, for every k
with 1 k  n, we have
0 = f ∗(0)= f ∗(α∗k ) α∗k )= ∑
1i<jn
2akiakj
(
α∗i ) α∗j
)
.
This implies that akiakj = 0 for i 
= j . Since det If =±1, we have that If ∈G2. ✷
Combining Lemmas 3.2 and 3.3, we see that Dp is contained in the subgroups on the
right hand side of (2.1) in Theorem 2.2. This completes the proof of Theorem 2.2.
Remark 3.4. Let A ∈ GL(n;Z) be a matrix which is realized by a diffeomorphism
f :M→M . Then we see easily that f preserves the orientation of M if and only if
(1) detA= 1 when p is odd,
(2) the number of negative entries of A is even when p is even.
This can be shown by using the fact that α∗1 ) α∗2 ) · · ·) α∗n ∈Hnp(M) coincides with
the dual of the fundamental class of M , where {α∗i } is the basis of Hp(M) dual to {αi}
as in the proof of Lemma 3.3. Thus the group D+p consisting of those matrices which can
be realized by an orientation preserving diffeomorphism is a subgroup of Dp of index 2.
In particular, when p is odd, we have D+p = Dp ∩ SL(n;Z), and when p is even, D+p is
isomorphic to a semi-direct product of (Z2)n−1 by Sn.
Remark 3.5. Let π0Diff(M) be the diffeotopy group of M , i.e., the group of iso-
topy classes of diffeomorphisms of M . Then we have the natural homomorphism
ϕ :π0Diff(M)→ GL(n;Z) which sends the class of a diffeomorphism f of M to If . We
have completely determined the image of ϕ in Theorem 2.2. As to the kernel of ϕ, see, for
example, [13,11,7,2].
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4. Classification of embedded spheres
In this section, we completely classify smoothly embedded p-spheres in M up to
diffeomorphisms under certain conditions on n and p.
By the Hurewicz theorem, πp(M) is isomorphic to Hp(M), so that every homology
class of Hp(M) can be represented by a continuous map from the (oriented) p-sphere.
Then, by a result of Haefliger [6], we have the following.
(4.1) If p = 1,2 and n 3, or if p  3 and n 2, then every homology class of Hp(M)
can be represented by a smoothly embedded p-sphere.
(4.2) If p = 1 and n  4, or p = 2,3 and n  3, or p  4 and n  2, then two
smoothly embedded p-spheres in M representing the same homology class are
always smoothly isotopic to each other.
Note that the conditions in (4.2) imply those in (4.1).
Definition 4.1. We say that two smoothly embedded (unoriented) p-spheres in M are
equivalent if there exists a diffeomorphism of M sending one to the other, where the
diffeomorphism may not be orientation preserving.
Then main result of this section is the following.
Theorem 4.2. Under the assumption (4.2) above, every smoothly embedded p-sphere in
M is equivalent to exactly one of the following smoothly embedded p-spheres.
(i) For p = 1,3,7, a p-sphere representing (i,0, . . . ,0) (i = 0,1,2, . . .) in
Hp(M)∼= Zn.
(ii) For p odd with p 
= 1,3,7, a p-sphere representing 0 or
(i, . . . , i︸ ︷︷ ︸
j
,0, . . . ,0︸ ︷︷ ︸
n−j
) (i = 1,2, . . . ; j = 1,2, . . . , n).
(iii) For p even, a p-sphere representing (i1, i2, . . . , in) with 0 i1  · · · in.
Proof. Let S be a smoothly embedded p-sphere in M representing α = (a1, a2, . . . , an) in
Hp(M)∼= Zn. We may assume that this is nonzero. Let d be the greatest common divisor
of a1, a2, . . . , an.
(i) There exists an algebraic automorphism of Hp(M) which sends α/d = (a1/d, a2/d,
. . . , an/d) to (1,0, . . . ,0). By Theorem 2.2, such an automorphism is realized by
a diffeomorphism, which maps S to a smoothly embedded p-sphere representing
(d,0, . . . ,0).
It is easy to see that the above classes are not equivalent to each other, since the greatest
common divisor d as above is an invariant of each equivalence class.
(ii) By an action of Sn and R, we can transform the element α/d to (b1, b2, . . . , bn)
such that b1  b2  · · · bn  0. Suppose bj > bj+1 > 0 for some j . Then we can find
an even number e such that |bj − ebj+1|  bj+1. Thus, applying an element of G1, we
can transform α/d to an element of the form (1, . . . ,1,0, . . . ,0). Thus, by Theorem 2.2,
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there exists a diffeomorphism of M which maps S to a smoothly embedded p-sphere
representing (d, . . . , d,0, . . . ,0).
The classes in Theorem 4.2(ii) are all distinct, since for an element (a1, a2, . . . , an) ∈
Hp(M), the greatest common divisor d of a1, a2, . . . , an and the number of i’s such that
ai/d is an odd integer are invariant under the action of G1.
(iii) It is easy to see that, by an action of Sn and R, we can transform any element of
Hp(M) to an element of the form as in Theorem 4.2(iii).
The classes in Theorem 4.2(iii) are all distinct, since for an element (a1, a2, . . . , an) ∈
Hp(M), the unordered n-tuple (|a1|, |a2|, . . . , |an|) is invariant under the action of G2. ✷
Remark 4.3. When n= 2 and p  4, Theorem 4.2 has been obtained by Goldstein [5].
Remark 4.4. If we consider the orientation(s) of M and/or the embedded p-sphere in
Definition 4.1, then we get results slightly different from Theorem 4.2 as follows.
The proof of Theorem 4.2 shows that we have the same result if we consider only the
orientation of the p-sphere and ignore that of M .
When p is odd, for each p-sphere in the list, there exists an orientation reversing
diffeomorphism of M that preserves the homology class. Thus we obtain the same result
even if we consider the orientations of both M and the p-sphere.
When p is even and n is odd, we have the same result, if we consider only the
orientation of M and ignore that of the p-sphere, since there exists an orientation reversing
diffeomorphism of M that acts as the multiplication by −1 on Hp(M).
In the remaining cases, we have to add p-spheres representing (i1, i2, i3, . . . , in) with
i1 < 0 < i2  i3  · · · in and |i1| i2. The proof is easy and is left to the reader.
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